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Introduction
Recently, there has been a considerable interest, both from a practical and a theoretical point of view, in the risks involved in option pricing. Schoutens et al. (2004) have analyzed model risk in an empirical study and Cont (2004) has put this risk into a theoretical framework. Another source of risk is hidden in the calibration of models to market data. This calibration risk exceeds often the profit margin for exotic options and hence is also of fundamental interest for the banking industry. Moreover, calibration risk exists even if an appropriate model has been chosen and model risk does not exist anymore.
Calibration risk arises from the different possibilities to measure the error between the observations on the market and the corresponding quantities in the model world. A natural approach to specify this error is to consider the absolute price (AP) differences, see e.g. Schoutens et al. (2004) . But the importance of absolute price differences depends on the magnitude of these price. Hence, another useful way for measuring the error are relative price (RP) differences, see e.g. Mikhailov et al. (2003) . As models are often judged by their capability to reproduce implied volatility surfaces other measures can be defined in terms of implied volatilities. There are again the two possibilities of absolute implied volatilities (AI) and relative implied volatilities (RI). We consider these four ways to measure the difference between model and market data and explore the implications for the pricing of exotic options.
To this end, we focus on the popular stochastic volatility model of Heston. In order to analyze the influence of the goodness of fit on calibration risk we consider in addition the Bates model which is an extension of the Heston model with similar qualitative features. These two models are calibrated to plain vanillas on the DAX. In order to get reliable results we use a time series of implied volatility surfaces from April 2003 to March 2004. Because of the computationally intense Monte Carlo simulations for the pricing of the exotic options we consider only one trading day in each week of this period. As exotic options we consider down and out puts, up and out calls and cliquet options for 1, 2 or 3 years to maturity. In this framework we determine the size of calibration risk and analyze factors influencing it.
Besides calibration risk there is also model risk which represents wrong prices because a wrong parametric model has been chosen. We consider also model risk between the Heston and the Bates model and 1 analyze the relation between the two forms of risk in pricing exotic options.
Section 2 introduces the models and describes their risk neutral dynamics that we use for option pricing. Moreover, this section contains information about the data used for the calibration. Section 3 describes the calibration method and defines the error functionals analyzed in this work. The goodness of fit is shown by representative surfaces and statistics on the errors. In Section 4, we present the exotic options that we consider for calibration risk and price these products by simulation. In Section 5, we analyze the model risk for the two stochastic volatility models under the four error functionals. In the last Section 6, we summarize the results and draw our conclusions.
Models and Data
In this section, we describe briefly the Heston model and the Bates model for which we are going to analyze calibration risk. Moreover, we provide some descriptive statistics of the implied volatility surfaces that we use as input data for the calibration.
Heston model
We consider the popular stochastic volatility model of Heston (1993) :
where the volatility process is modelled by a square-root process:
and W 1 and W 2 are Wiener processes with correlation ρ.
The volatility process remains positive if its volatility θ is small enough with respect to the product of the mean reversion speed ξ and the average volatility level η:
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The dynamics of the price process are analyzed under a martingale measure under which the characteristic function of log(S t ) is given by: Cont et al. (2004) .
Bates model
Bates (1996) extended the Heston model by considering jumps in the stock price process:
where Z is a compound Poisson process with intensity λ and jumps k that have a lognormal distribution:
We analyze the dynamics of this model under a martingale measure under which the characteristic function of log(S t ) is given by: Cont et al. (2004 From this time period we analyze the surfaces from all the Wednesdays when trading has taken place. Thus, we consider 51 implied volatility surfaces. We exclude observations that are deep out of the money because of illiquidity of these products. More precisely, we consider only options with moneyness m = K/S 0 ∈ [0.75, 1.35] for small times to maturity T ≤ 1. As we analyze exotic options with maturity in 1, 2 or 3 years we exclude also plain vanillas with time to maturity less than 3 months.
Some information about the resulting implied volatility surfaces are summarized in table 1. The surfaces contain in the mean 140 transformed prices and nine maturities with a mean moneyness range of 65%.
The values of the underlying in the considered period are shown in figure 1. This figure contains also the (interpolated) implied volatilities for 1 year to maturity with strike at spot level. Hence, the market of the DAX went up in this period while the implied volatilities went down as figure 1 shows.
We approximate the risk free interest rates by the EURIBOR. On each trading day we use the yields corresponding to the maturities of the implied volatility surface. As the DAX is a performance index it is adjusted to dividend payments. Thus, we do not consider dividend payments explicitly.
Calibration
In this section, we specify the calibration routine and describe the four error functionals. The calibration results illustrate that the plain vanilla prices can be well replicated by the Heston and the Bates model. Carr & Madan (1999) found a representation of the price of a European call option by one integral for a whole class of option pricing models. Their method that is applicable to the Heston (1993) model is based on the characteristic function of the log stock price under the risk neutral measure.
Calibration method
Carr and Madan showed that the price C(K, T ) of a European call option with strike K and maturity T is given by
for a (suitable) damping factor α > 0. The function ψ T is given by
where φ T is the characteristic function of log(S T ), see Section 2. For the minimization we consider the following four objective functions based on the root weighted square error:
where mod refers to a model quantity and mar to a quantity observed on the market, P to a price and IV to an implied volatility. The index i runs over all n t observations of the surface on day t. The weights w i are non negative with i w i = 1. Hence, the objective functions can be interpreted as mean average errors. We choose the weights in such a way that on each day all maturities have the same influence on the objective function. In order to make different surfaces comparable each maturity gets the weight 1/n mat where n mat denotes the number of maturities in this surface. Moreover, we assign the same weight to all points of the same maturity. This leads to the weights
where n i str denotes the number of strikes with the same maturity as observation i. This weighting leads asymptotically to a uniform density on each maturity.
Given these weights we measure the average time to maturity of an implied volatility surface by a modified duration:
where τ i is the time to maturity of the option i. The mean duration of the 51 surfaces is 2.02 and the minimal (maximal) is 1.70 (2.30). Thus, the point of balance for the maturities lies around 2 for our time series of surfaces. As we analyze exotic options with 1, 2 or 3 years time to maturity this point of balance confirms a correct weighting for our purposes.
As prices we consider only out of the money prices. Thus, we use call prices for strikes higher (or equal) than the spot and put prices for strikes below the spot. This approach ensures to compare only prices of similar magnitude. It has no impact on the errors based on implied volatilities. Because of the put call parity the use of OTM options has nor an impact on the absolute price error (AP). But the relative prices are weighted in such a way that the observations around the spot receive less weight. Hence, only the relative price error (RP) is influenced by this choice of prices.
In order to estimate the model parameters we apply a stochastic global optimization routine and minimize the objective functions with respect to the model parameters. In addition to some natural constraints on the range of the parameters we have taken into account inequality 1 that ensures the positivity of the volatility process.
Sometimes the objective function that is minimized contains in addition to the error measure a regularization term. Regularization can be necessary for two reasons: The error function may have several global minima and thus the regularization is necessary in order to get a unique minimum. Besides this static problem it is also important to find parameters on subsequent days that lead to similar prices (and greeks) of exotic options. This time stability is essential for the practical applicability of the calibration. We have discovered in tests on simulated and real data that our algorithm finds a unique solution whatever the starting conditions are. As we do not consider subsequent trading days in our analysis the time stability is not essential in our case. Hence we omit a regularization term.
Calibration results
We have considered the implied volatility surfaces of each Wednesday in the period from April 2003 to March 2004 on which trading has taken place. Thus, we have analyzed 51 surfaces. Each of these has been calibrated with respect to the four error functions described in Section 3.1. These calibrations have been done for the Heston Figure 2 shows the fit of the implied volatility surface in the Heston model on a day that is representative for the AI error. Table 2 reports in each line the means of the four errors when the objective function given in the left column is minimized. In the Heston model, we get a mean absolute price error of 7.3 and a mean relative price error of 9.7% when we calibrate with respect to AP. Using the RP error functional we get the opposite result with a mean absolute price error of 11 and a mean relative price error of 6.1%. The errors based on implied volatilities are smaller for the RP objective function than for the AP objective function. The results for the AI and RI objective functionals differ only slightly: the mean absolute implied volatility error is about 0.68% and the mean relative implied volatility error is about 2.5%. Moreover, the price errors for these objective functions lie between the price errors of the other two objective functions. The calibration w.r.t. RI gives the best overall fit because it has the smallest RI error and the second best errors for the rest. The meaning of these error measures is illustrated by figure 2 which shows an implied volatility fit that is representative for an AI error of 0.68%. In order to make the AP errors comparable for different days (with different values of the spot) we have computed the mean of AP/DAX as 0.21, 0.34, 0.27, 0.25 for the four error functionals.
The calibrated parameters which are described in the appendix by the AP calibration we get a reversion speed ξ = 0.9, a volatility of volatility of θ = 0.34 and a correlation ρ = −0.82. The other calibrations lead to similar parameters with a reversion speed ξ = 1.3, a volatility of volatility of θ = 0.44 and a correlation ρ = −0.75. As the correlations are significantly below −1 the calibrated Heston models have really two stochastic factors. The Bates model exhibits similar qualitative results as the Heston model: The AP and the RP calibrations differ widely while the AI and the RI calibrations lead to similar results. The Bates model can regarded as an extension of the Heston model. The additional three parameters for the jumps in the spot process lead for all errors functionals to better calibration results: The AP error is reduced (in the mean) by 4%, RP error by 16%, the AI and the RI error both by 12%.
The calibrated parameters of the Bates model are given in table 10. As in the Heston model they form two groups with the AP calibration on the one hand and the RP, AI and RI calibrations on the other hand. The parameters ξ, η, θ and V 0 are similar to the calibrations for the Heston model. Only the correlation ρ rises to a level of −0.93 for all objective functions. Hence, this criterion for distinguishing between the two groups disappears. It is replaced by the expected number of jumps per year: For the AP calibration we expect (in the mean) a jump every three years while we expect every two years a jump for the other calibrations. It is interesting that all calibrations lead to a mean jump up of about +8% for the returns. The expected jumps upwards correspond to the market going up as shown in figure 1 . Schoutens et al. (2004) found that the Heston and the Bates option model can both be calibrated well to the EuroStoxx50. In summarizing the results of this section we can say that also DAX implied volatility surfaces can be replicated well by these models for different error functionals. As Schoutens et al. (2004) , we find that the Bates 
Exotic Options
We come now to the analysis of the price differences of exotic options for calibrations w.r.t. different error measures. We consider barrier and cliquet options. The prices of these products are calculated by Monte Carlo simulations using Euler discretizations.
Simulation
We price all exotic options by Monte Carlo simulations. To this end, we use for each derivate product 1000000 paths generated by Euler discretization, see e.g. Glasserman (2004) . For each exotic option we consider three maturities: 1 year, 2 years and 3 years. We analyze three exotic options: up & out calls, down & out puts and cliquet options. These products are described in the following sections where remaining parameters are also specified. The payoffs of barrier options depend on the minimum or maximum of the underlying price process in some time interval. We approximate this quantity by a discrete minimum with one observation for each trading day. Thus, we use 250 time steps to simulate a process for a year.
The calibration results are presented in following sections together with a discussion of the options. The accuracy of the Monte Carlo results is given by the relative standard error in table 4. Thus, this table confirms that the estimators have sufficiently small variance after 1000000 paths compared to the price differences we observe in tables 5 to 7.
Barrier Options
For the barrier options that are very popular on the market we consider two types: up & out calls and down & out puts.
Heston
Bates 
Up and out call options
The prices of up and out calls with strike K, barrier B and maturity T on an underlying (S t ) are given by
where
We choose as strike K and barrier B K = 1 − 0.1T
where T denotes time to maturity. Up and out calls with such strikes and barriers are widely traded on the market. Up and out call options have the payoff profile of European call options if the underlying has not fallen below the barrier. Otherwise their payoff is zero. Thus, up and out calls are path dependent exotic options.
We want to analyze the difference between the prices of the exotic options when the underlying model has been calibrated w.r.t. different errors. To this end, we have calibrated the Heston and the Bates model to implied volatility or price data on each day w.r.t. the four error functionals introduced in Section 3.1. Hence we have four time series of calibrated model parameters that are described in Section 3.2. By Monte Carlo simulations we calculate on each day the prices of up and out calls for the four sets of model parameters. In this way we get four time series of up and out call prices corresponding to the four error measures. As we are interested how the price varies over the four error functionals we consider the quotients of the up and out call prices. The six possible time series of price quotients are shown in figure  3 for 3 years to maturity in the Heston model. In the boxplots the central red line gives the median and the box contains 50% of the observations. Hence, the AP prices lie in the mean about 6% over the other prices and the AP prices are in 75% of the 51 days at least 4% higher than the other prices. The RP prices are about 2% below the AI or RI prices which are very similar to each other.
We analyze the influence of time to maturity on these price differences by considering also 1 year and 2 years to maturity (and by adjusting the barrier and the strike appropriately). The medians of the price quotients are presented in table 5 for all three times to maturity. This table shows that the price differences become smaller for shorter times to maturity for the AP prices. The other price differences remain almost constant. For 1 year to maturity the price differences are about 2% − 3% and the AP prices are lower than the other prices. For 2 years to maturity the AP prices are again higher than the other prices. In order to analyze the influence of the goodness of fit on the price differences we consider also the Bates model. The boxplots of the price quotients in this model are given in figure 4 for 3 years to maturity. Compared to the Heston boxplots the boxes are longer in the Bates model. Thus there is more variation between the prices for different error functionals. Moreover the median differences between the AP prices and the other prices are bigger than in the Heston model -especially for AP/AI and AP/RI. The differences between RP, AI and RI are similar to those in the Heston model. The corresponding results for 1 year and 2 years to maturity are presented in table 5. Quantitatively the situation is similar to the Heston model: For shorter times to maturity the price differences decrease -especially for AP prices.
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Thus, the price differences in the Heston and in the Bates model are similar between the RP, AI and RI prices while the AP price differences are bigger in the Bates model. Moreover, the variation of the price differences is higher in the Bates model.
Down and out put options
The prices of the down and out puts with strike K, barrier B and maturity T on an underlying (S t ) are given by
For our analysis, we use the strike K and the barrier B K = 1 + 0.1T
where T denotes time to maturity. The strikes and barriers are set in analogy to the up and out calls. Such down and out puts are again a typical product on the exotics markets. Down and out put options have the payoff profile of European put options if the underlying has been below the barrier during the life time of the option. Otherwise their payoff is zero.
As described above, we calculate on each day the prices of the down and out puts for the four parameter sets. The resulting six time series of price quotients are shown in the figure 5 for 3 years to maturity in the Heston model. The AP prices are (in the mean) about 3.5% smaller than the other prices and 75% of the AP prices are at least 2% smaller than the other prices. The RP prices lie above the prices from the calibrations to implied volatilities. These AI and RI prices are quite similar so that we can identify again the two groups that we have already observed for the up and out calls. Compared to the up and out calls the price differences are smaller for the down and out puts. This can be seen also from table 6 that reports the median of the price quotients for 1, 2 and 3 years to maturity. This table shows that the price differences change for increasing time to maturity: For 1 year to maturity the AP prices lie above the other prices but with increasing time to maturity the AP prices become relatively smaller. The RP and AI prices remain on a comparable level for all times to maturity and the RI prices tend to this level for longer times to maturity.
The situation in the Bates model that gives better fits to the plain vanilla data is given by figure 6 and Table 6 : Median of price quotients of down and out puts. same level but the their variance has grown compared to the Heston model.
The situation for the barrier options can be summarized as follows: The AP prices differ significantly from the other prices for both barrier options. While the AP prices are higher for up and out calls they are lower for down and out puts relatively to the other prices. In this sense the situation is symmetrical. The differences become bigger for longer times to maturity and the better fit of the Bates model does not lead to smaller price differences.
Cliquet Options
We consider cliquet options with prices
where the payoff H is given by
Here c g (f g ) is a global cap (floor) and c i g (f i g ) is a local cap (floor) for the period [t i−1 , t i ].
We consider three periods with t i = T 3 i (i = 0, . . . , 3) and the caps and floors are given by
Cliquet options have many parameters. Hence, this specification cannot give representative picture of all the traded cliquets. But these caps and floors are typical because the option holder cannot loose money and the returns is bounded above only by the local return bounds.
Cliquet options pay out basically the sum of the returns
. In order to reduce risk local and global floors f are introduced for the returns R. In the same way the returns are bounded above by local and global caps c.
The distributions of the six time series of price quotients for cliquet options are described in figure 7 for 3 years to maturity in the Heston model. The differences are smaller than in the case of the barrier options. The AP prices lie above the other prices but the difference is significant only for the AP and RP prices. The differences between the other prices is also small. Thus, we cannot recognize directly from this figure the two groups that we identified for the barrier options. Table 7 that reports the median price differences for 1, 2 and 3 years to maturity gives some insight into this situation: The AP prices are about 2% smaller than the other prices for 1 year to maturity. With increasing time to maturity the AP prices grow relatively and are about 1.5% higher than the other prices for 3 years to maturity. As table 7 confirms the other prices remain relatively constant for different times to maturity. Thus there are again the two groups that we have identified for the barrier options: The changing AP prices on the one hand and the constant other prices on the other hand.
The relative prices of the cliquet options in the Bates model are presented in figure 8 for 3 years to maturity. Here we see that the AP prices are about 7% smaller than the other prices. The RP prices lie about 2% under the AI prices that are 3% higher than the RI prices. The RP and RI prices are similar. Thus, there are quite big differences for the cliquet options in the Bates model. Moreover, the variance is larger relative to the Heston model. Table 7 describes the situation of different times to maturity and shows that the AP prices grow relatively with increasing time to maturity while the other prices remain relatively constant for different times to maturity.
Comparing the results for the two barrier options and the cliquets we see in all cases two groups, the AP prices and the other prices. The AP prices differ a lot from the other prices and in addition change relatively for different times to maturity. Moreover, the variance of the price quotient with AP prices is bigger in general than for the other price quotients. The other group of RP, AI and RI prices shows similar prices and small variances. The Bates model that gives better fits has higher price differences (with higher variances). 
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Model risk
In the last section, we have described the price differences that result from the calibration w.r.t. the four error functionals. In this section we consider model risk, consider its relation to calibration risk and compare our results with the findings of Schoutens et al. (2004) . Model risk is generally understood as the risk of wrong prices because a wrong parametric model has been chosen for the stochastic process of the underlying. In order to analyze this model risk for the two stochastic volatility models, we consider the quotients of the prices of the exotic options in the Bates model and the corresponding prices in the Heston model. The distribution of these quotients for up and out calls with 3 years to maturity is described by the figure 9. The prices in the Bates model lie below the prices in the Heston model for all four error functionals: The difference varies between 2% for the AP prices and 6% for the RI prices. Thus model risk is not independent of the calibration method, i.e. calibration risk. The results for smaller times to maturity are given in table 8. The table suggests that model risk does not change significantly for different times to maturity. Figure 10: Bates prices over Heston prices for down and out puts with 3 years to maturity on 51 days.
The model risk of down and out puts is shown in figure 10 for 3 years to maturity. The prices in the Bates model lie below the prices in the Heston model for all error functionals. Compared to the up and out calls the model risk is bigger for the down and out puts: It varies between 9% for AP prices and 14% for RI prices. But again we observe the highest difference for RI prices and the smallest for AP prices. Moreover, the variance is bigger than for the up and out calls. Table 8 that gives the results for smaller times to maturity suggests that the model risk becomes smaller for shorter times to maturity.
Finally, we consider the model risk of cliquet options in figure 11. For these options the Bates prices lie above the corresponding Heston prices for all calibration methods. The smallest price difference that appears for the AP prices is about 8% while the biggest difference of 16% have the RI prices. Table 8 shows again smaller price differences for shorter times to maturity.
The model risk between the Heston and the Bates model can be described for barrier and cliquet options as follows: Model risk measured by the price differences in the two models increasing for longer times to maturity. Moreover, it is ordered w.r.t. the calibration method. The calibration w.r.t. implied volatilities leads to bigger price differences as calibration w.r.t. prices. The model risk is smallest for AP calibration and bigger for RP calibration. It is even bigger for the AI calibration and the price differences are the biggest for RI calibrations. This emphasizes once more the importance of the implied volatility surfaces and their calibration. Moreover, model risk differs across option types. Schoutens et al. (2004) consider up and out calls (with strike equal to spot) and cliquet options with 3 years to maturity. For a barrier 50% above the spot, they find a model risk for the up and out calls of about 14%. For the cliquet options Schoutens et al. do not find a significant model risk. These results do not correspond in every respect to our AP results. There may be several reasons for these different results: While we look at a time series of 51 implied volatility surfaces they focus one one day. They have analyzed the EuroStoxx50 and we use DAX data.
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Conclusion
We have looked at the popular stochastic volatility model of Heston and analyzed different calibration methods and their impact on the pricing of exotic options. Our analysis was carried out for a time series of DAX implied volatility surfaces from April 2003 to March 2004.
We have shown that different ways to measure the error between the model and the market in the calibration routine lead to significant price differences of exotic options in the sense that these differences often exceed the profit margins of the products. We have considered the four error measures that are defined by the root mean squared error of absolute or relative differences of prices or implied volatilities. Among these measures we have identified two groups: Calibrations w.r.t. relative prices, absolute implied volatilities or relative implied volatilities lead to similar prices of exotic options. Calibrations w.r.t. absolute prices imply exotics prices that are quite different from the prices of the first group. The price differences increase for longer times to maturity. Moreover, the differences do not decrease in the Bates model although it is an extension of the Heston model with similar qualitative features and a better fit to plain vanilla data. The price differences of exotic options differ also across option types and are bigger for barrier options than for cliquets.
Moreover, we have looked at the model risk for these two option pricing models. Model risk and calibration risk are not independent because model risk is lowest for calibrations w.r.t. absolute prices and highest for calibrations w.r.t. relative implied volatilities. As this holds for all considered options model risk seems to be ordered w.r.t. the error measure used in the calibration.
As model risk is bigger than calibration risk calibrations should be carried out w.r.t. absolute prices if the choice of an appropriate model is unclear. But if a model has already been chosen we suggest to measure the error between the model and the market in terms of (relative) implied volatilities because this error measure reflects best the characteristics of the model that are essential for exotic options. Moreover, we have demonstrated that this choice leads to good calibrations (e.g. relatively good fits and stable parameters). We have also shown that the resulting prices of exotic options often lie in the middle of the prices from the other calibrations and have the smallest variance. Our results underline the importance of the implied volatility surface and suggest that one should measure the error in the 25 calibration in terms of implied volatilities. 
